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Definition

Let F'(x,y) be an integral binary form which is irreducible over Z and
has degree at least 3. Let h be an integer. Then the equation

F(z,y)=h
is known as a Thue equation and the inequality
|F(z,y)| < h

is known as a Thue inequality.
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e Let F'(x,y) be an integral binary form which is irreducible over Z and
Cree Knape has degree at least 3. Let i be an integer. Then the equation

F(z,y)=h

is known as a Thue equation and the inequality
|F(z,y)| < h

is known as a Thue inequality.

Theorem (Thue, 1909)

There are finitely many integer solutions to any Thue equation.

Corollary (Thue, 1909)

There are finitely many integer solutions to any Thue inequality.
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|F(z,y)| < h has finitely many integer solutions when
F(z,y) € Z]z,y] has deg(F) > 3, is irreducible, and is homogeneous.

Necessity of Hypotheses

m deg(F) > 3 is necessary: F(z,y) = 2% — 2y? is irreducible and
homogeneous, and |F(z,y)| < 1 has infinitely many integer-pair
solutions.

m F(x,y) being irreducible is also necessary: if F(x,y) has a linear
factor, say mx — ny, then any integer multiple of (n,m) is a
solution to |F(z,y)| < h.

m The homogeneity condition is also necessary: if
F(z,y) = 25 + 3>, then any integer pair of the form (n, —n?)
will be a solution to |F(z,y)| < h.
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Theorem (Thue, 1909)

There are finitely many integer solutions to any Thue inequality,
|F(z,y)| < h.

m What are the (integer) solutions to |F'(z,y)| < h?
m How many solutions are there to |F(z,y)| < h?

m On which features of F(x,y) and h do the number of solutions
depend?
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So far, we have

IF(p,g)l <h=lal ][]
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p
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p
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Important Connection

Every solution (p, q) to the Thue inequality |F(z,y)| < h with ¢ #0
yields a good rational approximation ZE) to a root « of
J(X) = F(X,1).

Question

Why do we care about rational approximations of algebraic numbers?

Answer

There are many tools (some of which are effective!) to find/count
good rational approximations of algebraic numbers.
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Every solution (p, ¢) to the Thue inequality |F(z,y)| < h with ¢ # 0
yields a good rational approximation % to a root « of
f(X) =F(X,1).

m The map from solutions (p, ¢) with ¢ # 0 to rational
approximations g is not injective.

m The map from primitive solutions (p, ¢) with ¢ # 0 and
ged(p, ¢) = 1 to rational approximations % is injective.

m Fact: to count every solution, it suffices to count primitive
solutions.
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m Let F'(x,y) be an irreducible integral binary form of degree > 3.
m Set n = deg(F).
m Suppose that F' has s + 1 nonzero summands: i.e.

F(z,y) = Z aix iy
i=0

m Set H = max; |a;| to be the height of F.
m Example: F(x,y) = 2% — 22%y? + 102%y* + 10y°

mn==06
ms=3
m H=10

mleth e Z>0
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m Recall that if F(p,q) = h, then 2 is close to a root of
F(X) = F(X,1).
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F(X) = F(X,1).
m Intuitively, § is unlikely to be close to a nonreal root of f(X).

m Solutions to F(z,y) = h “should” correspond to rational
approximations to real roots of f(X).
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Answer

m Recall that if F(p,q) = h, then 2 is close to a root of
f(X):=F(X,1).
p

m Intuitively, 2 is unlikely to be close to a nonreal root of f(X).

m Solutions to F(z,y) = h “should” correspond to rational
approximations to real roots of f(X).

Lemma (Descartes, 1637)

If g(x) € Rlx] has s + 1 nonzero summands, then g(x) has no more
than 2s + 1 real roots.
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Greg Knapp Goal

Bound the number of (integer) solutions to |F'(z,y)| < h in terms of
n (the degree of F'), s (the number of nonzero summands of F'), and

Notation

Let N(F, h) denote the number of integer solutions to the Thue
inequality |F'(z,y)| < h.

Next Up

What do we expect N(F,h) to look like?
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|5 + 32ty — yB| < 1 |25 4 32ty — y°| < 10 |5 4 324y — y°| < 30

Computing N(F, h)
Some values of N(F,h) for F(z,y) = ® + 3zty — ¢°:

h 11030
N(ER) | 9] 11| 17
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N(F, h) = number of lattice points “inside” |F(z,y)| < h
~ vol{(z,y) € R? : |[F(2,9)| < h}
= B2/ vol{(u,v) € R? : |F(u,v)| < 1}
~ h*"N(F,1)
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Solutions to Theorem (Mahler, 1934)

Thue Equations

Greg Knapp Let

V(F,1) := vol{(z,y) € R?*: |F(z,y)| < 1}.

Then
N(F,h) = h¥"V(F,1)

i.e. there are constants Cq and Cy so that

C1h2/"V (F,1) < N(F, h) < Coh* ™V (F,1).

Moral

The factor of h?/™ is necessary and sufficient and we expect

N(F,h) ~ h¥™ . N(F,1).
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Exploring N(F, 1)

Bounds on the .
Number of Previous Facts
Solutions to

Thue Equations

m Solutions (p, q) to |F(z,y)| < 1 correspond to rational
approximations of some root of f(X) := F(X,1).

Greg ¢

m We expect solutions to produce rational approximations of real
roots of f(X).

m There are s+ 1 nonzero summands of F(z,y).

m There are at most 2s + 1 real roots of f(X).

Number of Approximations per Root

Based on some approximation theorems, we expect the number of
rational approximations per root to be absolutely bounded.

Conclusion

We expect there to be no more than a constant times s solutions to
|F(z,y)| < L.
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G G Notation

m f(z) < g(z) means that there exists an absolute constant C' so
that f(z) < C - g(x).

m f(x) <, g(z) means that there exists a constant C' depending
on n so that f(z) < C - g(x).

Meaning

The symbol < means “(is) no more than a constant times.”

Conclusion (rephrased)

We expect there to be < s solutions to |F'(z,y)| < 1.
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A Conjecture and Theorem of Mueller and Schmidt

Bounds on the

Number of .
Seflions The Pieces

Thue Equations

Recall that we expect:

Greg Knapp

N(F,h) ~ h?™ . N(F,1)
N(F,1) < s

Conjecture (Mueller and Schmidt, 1987)

N(F,h) < sh?/™

Theorem (Mueller and Schmidt, 1987)

N(F,h) < sh?™(1 +log h*/™)
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Theorem (Bennett, 2001)

ax™ — by™ =1 has at most one solution in positive integers x and y.

Theorem (Thomas, 2000)

Forn > 39 and F(x,y) = az™ + bx*y"~* + cy”, the number of
solutions to |F(x,y)| =1 is less than or equal to 48.
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Types of Solutions

Bounds on the - .
Numberior Separating Solutions
Solutions to

Thue Equations

m Begin by choosing some (explicit) constants 0 < Ys < Y7, which
depend on F.

| YL ~ Y§
m Then we say that a solution to |F(z,y)| < h is...

Greg Knapp

m ...small if min(|z|, |y|) < Ys.
m ..medium if min(|z|, |y|) > Ys and max(|z|,|y|) < Y.
m ..large if max(|z|,|y|) > Yz.

-1 Y-
med med
+Ys large

Solution Subdivision

med med
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The Gap Principle

Bounds on the
Number of
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Greg Knapp

The Gap Principle

m Medium solutions to |F(z,y)| < h produce good approximations
to some small set of algebraic numbers (Mueller and Schmidt,
1987).

m Fix one of those algebraic numbers, a, and note that the good
rational approximations of & must be close to each other.

m Manipulate inequalities to find that the denominators of the
rational approximations must be exponentially far apart.
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Counting Medium Solutions

Bounds on the Our improvement involves efficiently bounding t in the situation

Number of

Solutions to Where bOth

Thue Equations

Ys<qp<qa<---<¢<YL

Greg Knapp
and the inductive relation

n_]
i

qi+1 >

hold.
Lemma (K., 2021)

If n > 3s and there are t + 1 primitive medium solutions associated
to o, then
—1/(2-2)

lo |:10g YL K s }

& log Ve K~/ (52

n

Moreover, this bound is as sharp as possible, given existing
approximation results.
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Counting Solutions

Bounds on the
Number of

Solutions to
Thue Equations Theorem (K, 2021)

Greg Knapp

The number of primitive medium solutions to |F (x,y)| < h when

n > 3sis
log h
1+1 —_—
<<s< tlog <S+max(1,logH)>>

Bounds for Small and Large Solutions

m The number of large primitive solutions is < s (Mueller and
Schmidt, 1987).

m The number of small primitive solutions is < se®h2/™ when
n > 4se?® (Saradha and Sharma, 2017).

Note: ® measures the “sparsity” of F and satisfies log® s < e® < s.
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Thue Equations

As a consequence:

Greg Knapp

Theorem (K., 2023)

When n > 4se?®, the number of primitive solutions to |F(z,y)| < h
is

< se®h?m,
Recall that log® s < e® < s.

Compare to:

Theorem (Mueller and Schmidt, 1987)

The number of integer pair solutions to |F(x,y)| < h is

< $2h2™(1 4+ log h1/™).
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Explicit Bounds for Trinomials

Bounds on the

Number of Theorem (Thomas, 2000)

Solutions to
Thue Equations

If F(z,y) = az™ + bxFy" =k + cy™, there are no more than Cy(n)
solutions to |F(x,y)| = 1 where Cy1(n) is defined by

Greg Knapp

n 6 718 |9 |10-11 | 12-16 | 17-37 | > 38
Cy(n) | 136 | 86 | 96 | 62 72 60 56 48

Theorem (K., 2021)

The above theorem is still true with C1(n) replaced by Ca(n):

n 6 | 7 | 8216 | =217
Ca(n) | 128 [ 80 | Ci(n) | 40

Question

Is this a good bound?



Trinomial Computations

Bounds on the

s [ H J1[2[3]4[5]6[7[8[9]10] - [16]
T n—06816]38[6[6]6[6][8]6]. 12
n=7 1816|886 6|6|6|8] 6 8
n=8 | 8|6/8(8]6[6/6[6|8]6 2
n=9 816|886 6/6|6|8] 6 8
n=10 8681866668 - 8
n—11]816!818161616|6]38 5
n=12 868181666 --]- -
n=13 816818166 -1-]-]- -
n—14 86818166 ---]- -
n=15 81681816 --1-1-1- -
n=16 8681816 --1-[-- -
=17 8161818 - - 1-T-1-1-1--1-

Maximum number of solutions to |F(z,y)| = 1 for any trinomial of height
H and degree n
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